Near the condition of electromagnetically induced transparency in a three-level system, the absorption experienced by the weak probe laser beam interacting with one transition is very sensitive to the frequency detuning of the strong-coupling laser beam coupled to another transition. When the frequency detuning of the coupling laser is modulated at different frequencies, the resulting change in probe absorption as a function of that modulation frequency can be described by a transfer function. The effects on the transfer function from various experimental parameters are calculated numerically. Experimental measurements are shown to be in good agreement with the predicted behavior.
I. INTRODUCTION
Systems capable of exhibiting electromagnetically induced transparency (EIT) [1, 2] have enjoyed recent popularity for slowing light [3, 4] , quantum information processing [5] , photon storage [6, 7] , all-optical switching [8] [9] [10] , and all-optical buffering. Since EIT is basically formed by a strong-coupling laser beam together with a probe laser beam (for three-level EIT systems), both linear (absorption and dispersion) [2, 11] and nonlinear (Kerr nonlinearity) [12] optical properties of the probe beam can be effectively controlled by the coupling beam. In the steady state, the absorption reduction of the probe beam at EIT resonance can be considered to be a narrow-bandwidth frequency filter [13] . In the case of slowing down the group velocity of light pulses, very rapid dispersion change is required to achieve large group velocity reduction [3, 4, 11] , which demands a very narrow EIT spike. However, such a narrow EIT window restricts the frequency bandwidth of the interacting pulses and, therefore, is only useful for slowing relatively long pulses (microsecond pulses in Refs. [3, 4, 14] ). Similar conditions also apply to storing of optical pulses in such EIT media [6, 7] . These competing trade-off conditions, i.e., needing sharp dispersion for slowing down group velocity of pulses versus requiring large bandwidth to accommodate short pulses, are ultimately important in using EIT media for alloptical buffering in practical optical communication systems.
Another interesting application of EIT media is in alloptical switching. Various methods have been proposed, and some have been experimentally demonstrated by using the enhanced nonlinearity in EIT media. All-optical switching between two steady states of the probe field with three-level atoms inside an optical cavity was experimentally demonstrated both inside [8] and outside [9] the optical bistability region. Such all-optical switching was achieved by making use of the greatly enhanced Kerr nonlinearity due to selfphase modulation near the EIT resonance [12] . Optical switching due to cross-phase modulation in four-level atomic systems was also proposed [15] and experimentally demonstrated in atomic vapors [10, 14] . A study of optical switching using EIT in a vapor cell by modulating the Rabi frequency of the coupling beam found that the resulting amplitude of the switching signal decreases significantly as the modulation frequency increases [16] . Recently, an experiment using stimulated Raman adiabatic passage to make fast optical switching was reported [17] , which showed that the atomic absorption changes quickly (depending on the effective Rabi frequencies of the coupling and switching beams) when the switching pulse is on. Studies of transient EIT effects have also indicated that the coupling Rabi frequency is the limiting factor for rapidly changing absorption as a three-level atomic system approaches its steady state [18, 19] .
For practical applications of using EIT effects in alloptical communication, such as all-optical buffering, optical storage, and all-optical switching, as well as enhancing nonlinearity with slowed light pulses, one needs to address the important questions of both speed and bandwidth of the systems. For some specific applications, a fine balance between these two competing requirements (narrow EIT window for increasing dispersion to slow down the pulse speed versus broad bandwidth for short pulses as well as to achieve fast modulation speed) must be accomplished by carefully choosing the parameters of the system. In this paper, we present a systematic study of the dynamic responses of the probe laser beam to the frequency modulation of the coupling beam in the three-level EIT system, which basically gives the transfer function of the EIT medium as a function of the modulation frequency. By performing such detailed studies, both theoretically and experimentally, we are able to identify the limiting factors for the responding bandwidth and switching speed of such EIT systems, which can have significant implications in the applications of EIT media in many aspects of optical communications. By identifying the major limiting factors for the fast switching and modulation transfer in a simple EIT system, we can design or engineer optimal EIT systems (or media) for desired applications.
In Sec. II, a general theoretical model is used to study the effects of various parameters on the modulation transfer from the coupling beam to the probe beam. Both cases with and without the Doppler effect are considered and discussed. Experimental measurements of the transfer function of the three-level EIT medium in rubidium vapor are presented in *Email address: mxiao@uark.edu Sec. III. The measured results are directly compared with the theoretical calculations. Section IV serves as a conclusion.
II. THEORETICAL TREATMENT OF THE TRANSFER FUNCTION
We consider the simple three-level ⌳-type system, as shown in Fig. 1 , in this work. Slight modifications can be made to also address the three-level ladder-and V-type configurations. The density-matrix equations for such a threelevel ⌳-type system can be written in the following form [2, 20] : [2] . By copropagating the probe and coupling laser beams in an atomic vapor cell, the first-order Doppler effect for the two-photon transition between states ͉1͘ and ͉3͘ is eliminated except for a residual Doppler effect when states ͉1͘ and ͉3͘ have unequal energies, and this plays an important role in the dynamics of the system for the case with Doppler broadening. The full width at half-maximum (FWHM) of the Doppler-broadened absorption line in a twolevel atomic vapor is denoted by ⌬ D .
The modulation of the coupling frequency detuning ͑⌬ c ͒ is introduced into the density-matrix equations by the substitution
where ⌬ amp is the amplitude of the frequency modulation and ⍀ is the frequency of the modulation. We only consider frequency modulation at the exact EIT resonance in this work, i.e., ⌬ p = 0 and ⌬ c0 =0. Parameter values relevant to the D 1 line of 87 Rb are used in this study so that the calculations could be directly compared to experimentally measured results. The 5 2 P 1/2 excited state has an average decay rate of 2 ϫ 5.75 MHz, and the transition rates between the relevant hyperfine energy levels are determined from relative decay probabilities [21] . An EIT absorption reduction of 50% at resonance (in the Doppler-broadened case) is chosen so that the calculations can be standardized, and ⍀ c is selected accordingly. In practice, however, much better EIT absorption reduction can be achieved. The value of ⌬ amp is set to be equal to the FWHM of the steady-state EIT spike in the Doppler-broadened case as seen in Fig. 2(a) . The following are the standard parameter values for the calculations: With the given parameters, MATHEMATICA is used to numerically solve the density-matrix equations and calculate the absorption coefficient ␣, which is proportional to Im͑ 21 ͒, as a function of time for discrete values of ⍀. Subsequently, the amplitude of absorption modulation experi- enced by the probe field ͑⌬␣͒, as defined in Fig. 2(b) , is obtained from the calculated curves. Since ⍀ c ӷ⍀ p , most of the atoms are initially pumped into state ͉1͘, so the absorption modulation is not due to changes in the populations in different atomic levels, as is the case discussed in Ref. [22] . A modulation transfer function T͑⍀͒ that relates ⌬␣ to ⍀ for this system is then determined from the numerically calculated results. Due to the time-dependent nature and the included Doppler effect, analytical results are not attainable for the treatment of the current system.
It should be noted that only the natural atomic decay rates and energy differences for a given atomic system are known with high certainty in a typical experimental situation. Other parameters are sometimes difficult to determine exactly or can be experimentally tuned to optimize the desired effects. For example, due to spatial variations in the laser beams as they are focused and propagate inside an atomic vapor cell, average Rabi frequencies are normally used as experimental values. The effective magnitude of ⍀ c is usually determined by estimating the focal parameters and fitting the corresponding EIT spike. Also, ␥ 31 is determined approximately for an experimental setup from the collisional dephasing and the atomic time-of-flight through the laser beams (transient effect) [23, 24] , which is complicated by beam focusing and beam profile considerations. The default value of ␥ 31 used in the calculations is therefore a somewhat idealized value. The values of ␥ p and ␥ c used here are estimated for the externalcavity feedback diode lasers used in our current experiment.
The dynamics of the system depend on the complicated interplays between all the system parameters, and it is not possible in general to completely determine the contribution of a particular parameter by itself. In order to best isolate which physical parameter is the limiting factor for the modulation transfer, series of calculations are performed to test how the system behaviors change as the parameter values are altered. While holding all other parameters constant, each individual parameter is varied systematically. The phenomenological effects of some of these parameters on the EIT characteristics have been documented in previous works [2, 24, 25] . Increasing ␥ 31 has been shown to increase the FWHM of the EIT spike while decreasing its depth (less absorption reduction). Since the laser linewidths both act to effectively increase ␥ 31 as seen in Eq. (1e), they also have similar effects. Increasing ⍀ c will first decrease the FWHM of the EIT spike while making its peak larger; however, as ⍀ c gets too large, it will increase the FWHM of the EIT spike due to power broadening. Doppler broadening tends to wash out EIT behavior by making the EIT spike narrower (due to shifting of the dressed-state energy levels towards the original excited-state energy [26] ) and smaller (due to effective frequency detuning). Since the parameters have varied effects on the EIT characteristics, the absorption reduction at EIT resonance will typically be different from 50% (in the Doppler-broadened case) when the parameter values are changed from the standard (default) ones.
We first consider the more complicated case with Doppler broadening, since it is relevant to the experiments using atomic vapors. For the standard set of parameters, the transfer function decreases as a function of ⍀, as expected, due to various limiting time constants in the system. Figure 3 shows ⌬␣ as a function of ⍀ for selected values of the atomic dephasing parameters ⌬ D and ␥ 31 . In Fig. 3(a) , it can be seen that the amplitude of ⌬␣ falls off rapidly as ⌬ D is increased, affirming that the residual Doppler broadening significantly limits the switching speed in such an EIT system. In comparison, a peculiar behavior is seen for the case of ⌬ D = 0, where a peak near ⍀ =2 ϫ 4 MHz is evident. Figure 3(b) shows that the amplitude of ⌬␣ actually improves initially as ␥ 31 is increased to about 2 ϫ 100 kHz, but the calculated data points for ␥ 31 =2 ϫ 1 MHz show a strong damping effect on ⌬␣ as the nonradiative dephasing rate is increased further. When ␥ 31 gets large, the EIT spike becomes very small, so the absorption completely dominates. Similarly, ⌬␣ is shown in Fig. 4 for the experimentally adjustable coupling laser parameters ⍀ c and ␥ c . Figure 4(a) shows that increasing ␥ c steadily decreases the amplitude of ⌬␣. Conversely, Fig. 4(b) indicates that increasing ⍀ c (corresponding to larger EIT spikes and broader FWHM) increases the amplitude of ⌬␣. A common feature of Fig. 3 and Fig. 4 is that ⌬␣ at ⍀ =2 ϫ 6 MHz is reduced to approximately 15% of the value at small ⍀ (except for the ⌬ D = 0 case).
It was determined that a Lorentzian curve is the best choice to represent the transfer function. For each calculated data set, a Lorentzian fit is made to the transfer function. The typical form of the fitting function is
where x o , a, and w are the fitting parameters that are different for each data set and are functions of the system parameters. A vertical offset is not allowed in the fitting function in order to simplify the fitting model. Furthermore, this allows T͑⍀͒ → 0 as ⍀ → ϱ, which is a reasonable physical limit. An exception to this requirement is made for the ⌬ D = 0 curve fit due to its peculiar behavior. The fitted Lorentzian curves (shown as solid lines in Fig. 3 and Fig. 4 ) are then used to analyze trends and behaviors of the transfer function as functions of different experimental parameters. Two quantities are now defined that allow quantitative comparisons of the transfer function curves for various parameters. The first quantity is the frequency bandwidth of T͑⍀͒, defined to be the frequency range between 0 and ⍀ 1/2 so that
where T max is the maximum value of T͑⍀͒. For simplicity, the bandwidth will subsequently be called ⍀ 1/2 , and it is a good measure of how rapidly the transfer function falls as ⍀ is increased. The second quantity is the area under the fitted curve, which is integrated from ⍀ =0 to ⍀ = ϱ. This area is proportional to the overall amplitude of the transfer function, and a larger value of indicates a combination of better effectiveness of the modulation transfer along with a larger absorption reduction at EIT resonance. The parameters most affecting ⍀ 1/2 and are ⌬ D and ␥ 31 . Figure 5 Larger laser linewidths tend to increase ⍀ 1/2 (due to increased EIT FWHM), but this gain in bandwidth is offset by a rapid falloff in the transfer function amplitude (due to the decreased EIT spike). Similar trends are seen with ␥ 31 and ␥ 21 , except for very small values. The effect of increasing ⍀ c is to increase both T͑⍀͒ bandwidth and amplitude due to an increased EIT spike depth and FWHM. Likewise, increasing ⌬ amp also increases ⍀ 1/2 and , and this is attributed to the EIT spike being more fully spanned by the frequency modulation, which gives a larger effective EIT spike depth and FWHM. Table I shows the effects on ⍀ 1/2 and by various parameters along with the approximate functional forms of these effects. The exponential dependence has the form exp͑−⍀ / ⍀ o ͒ for some constant ⍀ o , and the square-root form is proportional to ͱ ⍀. The vertical arrows indicate whether the particular parameter causes an increase ͑↑͒ or a decrease ͑↓͒ in ⍀ 1/2 or as its value increases.
In the cases where a parameter increases ⍀ 1/2 but decreases , the exponential decline in (from decreased modulation transfer or from a smaller EIT spike) is much more influential than the slow square-root growth in ⍀ 1/2 . Two important exceptions to the general trends in Table I should be noted. For both ␥ 31 and ␥ 21 , increases rapidly as the parameter value is increased from zero before exhibiting an exponential decline, as shown in Fig. 5(b) for the case of ␥ 31 . For ␥ 21 , this may be explained by noting that very small values of ␥ 21 would physically indicate that the transition is not a dipole-allowed transition (or ͉2͘ is not a metastable state), and therefore EIT conditions will not be satisfied. In the case of ␥ 31 , a very small dephasing rate will give a very narrow EIT spike, which, for a given ⌬ amp , will make the modulation transfer very inefficient, so an initial increase in ␥ 31 will benefit the modulation transfer. However, when ␥ 31 gets larger, it will destroy EIT and, therefore, the modulation transfer. Overall, variations of the parameter values tend to have much larger impacts on the efficiency of T͑⍀͒, as indicated by relatively large variations in . This is mainly due to changes in the depth of the EIT spike. The bandwidth ⍀ 1/2 , in the studied parameter ranges, is typically between 2 MHz and 4 MHz. We can conclude that at current parameter values used here, ⌬ D is the primary parameter limiting the frequency of the modulation transfer.
While Doppler broadening is the dominant parameter affecting the modulation transfer in an atomic vapor, the case without Doppler broadening deserves some attention for applications using cold atomic samples or solid-state media. Figure 3(a) indicates that the value of ⌬␣ increases significantly as ⌬ D is reduced. Furthermore, the value of ⍀ for the peak modulation amplitude ⌬␣ is shifted to higher frequencies as ⌬ D is decreased, and this "resonant" frequency ͑⍀ res ͒ appears near ⍀ =2 ϫ 4 MHz for the non-Doppler case. In order to determine which parameters influence the value of ⍀ res , a similar set of calculations was performed with the standard parameter values without Doppler broadening. The calculated ⌬␣ data points, while still somewhat resembling a Lorentzian function, were not modeled by the Lorentzian fit function. All decay rates and laser linewidths are observed to have the effect of reducing the amplitude of ⌬␣ (without shifting the value of ⍀ res ) as the parameter values are increased. Furthermore, it is observed that ⍀ res can be shifted, and its value basically depends on the coupling Rabi frequency such that ⍀ res ϳ ⍀ c / 4. Therefore, the bandwidth of the modulation transfer can be increased by making the coupling Rabi frequency larger. However, when ⍀ c is large enough, the value of ␣ near the EIT resonance approaches zero, and the EIT spike exhibits a flattened minimum instead of being sharply peaked. Thus, ⌬␣ decreases as ⍀ c increases because ␣ becomes relatively constant (near zero) within the fixed modulation range of ⌬ c . In such cases, one can increase the modulation transfer efficiency by setting ⌬ amp = ⍀ c / 2, which corresponds to having a frequency modulation amplitude equal to the ac Stark splitting of the excited state. Under this condition, when ⌬ c is at its extreme positive and negative values, probe absorption due to the modified excited state is largest and maximum values of ⌬␣ are achieved. Figure 6 shows ⌬␣ for selected ⍀ c values with ⌬ amp = ⍀ c / 2. The amplitude of ⌬␣ near ⍀ res remains fairly TABLE I. Functional forms describing the effects of the experimental parameters on the transfer function bandwidth ⍀ 1/2 and area in the Doppler-broadened case. Arrows indicate whether the parameter increases ͑↑͒ or decreases ͑↓͒ ⍀ 1/2 or as the parameter value is increased. constant, and the value of ⍀ res varies according to ⍀ c , showing that the frequency bandwidth of the system can be tuned effectively by the coupling beam strength. However, the requirements for larger ⍀ c and ⌬ amp needed to increase ⍀ res will realistically prevent the achievement of significantly larger bandwidth in experimental demonstrations using the current atomic vapor system.
Another interesting behavior observed in the non-Doppler regime is the amplification of the probe beam. For certain sets of parameter values, the absorption of the probe beam periodically becomes negative (probe beam experiences gain) as the absorption reaches its lowest value, and this behavior is most prominent for ⍀ ϳ ⍀ res . For example, gain can be seen for ⍀ c Ͼ 2 ϫ 10 MHz and ⌬ amp = ⍀ c / 2. This essentially forms a type of amplifying switch. Depending on the time, the probe beam will either experience very strong absorption or it will experience amplification. It is also observed that the amplification is enhanced when ␥ p , ␥ c , and ␥ 31 all approach zero. Transient and steady-state amplifications were also predicted in a similar three-level system in Refs. [18, 19] . The adjustability of ⍀ res along with this type of behavior could be useful for all-optical signal amplification and for optical repeater devices that operate at a tunable frequency.
III. EXPERIMENTAL MEASUREMENTS
A simplified diagram of the experimental setup is shown in Fig. 7 . The probe and coupling lasers copropagate in the vapor cell to eliminate the first-order Doppler effect. The lasers are temperature-and current-stabilized diode lasers with grating feedback in the Littrow configuration. The experiment uses the D 1 line of 87 Rb in a vapor cell near 795 nm, and the energy levels are shown in Fig. 1 . A weak probe beam couples level ͉1͘ ͑F =1,5 2 S 1/2 ͒ to level ͉2͘ ͑FЈ =2,5 2 P 1/2 ͒ and has frequency p . Similarly, the coupling beam has frequency c and couples level ͉3͘ ͑F =2,5 2 S 1/2 ͒ and level ͉2͘. The separation between level ͉1͘ and level ͉3͘ is 31 =2 ϫ 6.8347 GHz. The vapor cell, wrapped in a sheet of metal, is 7.6 cm long and is heated to 38°C. Frequency detunings are measured using Fabry-Perot cavities together with a saturation absorption spectroscopy (SAS) setup. The power of the coupling beam is 6.8 mW, and the power of the probe beam is 10 µW. The coupling laser beam is focused to a diameter of ϳ1 mm at the center of the cell. The probe beam has a diameter of ϳ0.8 mm at the center of the vapor cell and is contained within the coupling beam throughout the cell.
As ⌬ p is swept across the absorption line with the coupling beam tuned to resonance without modulation, an EIT spike appears that reduces the absorption by about 50% and has a FWHM of about 15 MHz. There is a difference in the observed EIT FWHM from the calculated value, as also noted in the previous work [26] , where the calculated EIT width is significantly smaller than the experimentally observed one. Simplifications in the theory that ignore beam misalignment, beam power changes due to focusing and beam profile shape, and power attenuation due to propagation in the vapor are attributed for this discrepancy. In light of this difference, the amplitude of the modulation ⌬ amp is set to values near the FWHM of the observed EIT spike (10, 15, and 20 MHz, respectively). Obtaining a FWHM of 15 MHz for the theoretically calculated EIT spike is possible, but it requires unreasonably high values of ␥ p , ␥ c , and ␥ 31 in the current model. A frequency modulation is applied to the coupling laser frequency by modulating the injection current, and the modulation amplitude is determined using FabryPerot cavities. Several different frequencies of modulation ⍀ are applied in sequence. No significant difference is observed in the data for the three modulation amplitudes (⌬ amp = 10, 15, and 20 MHz), so the experimental data are averaged together to reduce measurement error. The results clearly indicate that the amplitude of the absorption modulation falls off quickly with the modulation frequency. One limiting experimental factor is an effect of the current modulation used to produce the frequency modulation of the diode laser. It is well known that high-frequency modulation of diode injection current creates frequency sidebands offset from the primary laser wavelength by ±⍀. For modulation frequencies less than about ⍀ =2 ϫ 1 MHz, this is not a significant effect, and modulation sidebands are not distinguishable in the Fabry-Perot transmission signal. However, the sidebands become increasingly prominent as the modulation frequency is increased beyond this point. Combined with a shrinking signal-to-noise ratio, this prevented us from obtaining useful data above ⍀ =2 ϫ 6 MHz.
The transfer function seen from the experimental data closely matches the Lorentzian form of the theoretically fitted curves of T͑⍀͒ in the Doppler-broadened case. This is seen in Fig. 8 , where ⌬␣ is plotted against ⍀ for both experimentally measured data and theoretically calculated values. The experimental values of ⌬␣ do not drop off significantly until ⍀ ϳ 2 ϫ 500 kHz. A flat region on T͑⍀͒ near ⍀ = 0 is reasonable because slow modulation frequencies still allow the atomic system to remain close to the steady-state condition, so the frequency modulation of the coupling beam can be adiabatically transferred to the probe beam.
IV. CONCLUSIONS
We have shown that the transfer function T͑⍀͒ for a modulation of ⌬ c falls off quickly as ⍀ increases in a Doppler-broadened atomic system. By systematically analyzing the effects of various parameters, it was determined that the Doppler width ⌬ D and the nonradiative decay rate ␥ 31 play the most important roles in the modulation transfer for such three-level atomic EIT systems. Since these are both atomic dephasing parameters, they may be controlled by using cooled atomic samples (reducing ⌬ D and ␥ 31 ) or vapor cells containing buffer gases (reducing ␥ 31 ). Several other parameters (the coupling Rabi frequency ⍀ c and the laser linewidths ␥ p and ␥ c ) also have significant impacts on the modulation transfer in such EIT systems. Since these parameters depend only on the laser sources used, they may be improved by various techniques. The experimentally measured modulation transfer function in an atomic vapor matches well with our theoretically calculated results using realistic parameters. Calculations without Doppler broadening indicate that the coupling Rabi frequency ⍀ c is the parameter most influencing the modulation transfer (moving the "resonant" frequency of the transfer function). Under certain conditions without the Doppler effect, the system exhibits modulated amplification of the probe beam. With the recent advances in engineering materials to have specific properties, the results presented here can help in designing new EIT media with more optimal transfer functions for fast all-optical switching and broadband data storage purposes. However, the results presented above indicate that dynamical limitations on switching and other time-dependent performance in EIT systems exist and need to be considered for potential practical applications.
